We investigate the extinction properties of non-negative nontrivial weak solutions of the initial-boundary value problem for a p-Laplacian evolution equation with nonlinear gradient source and absorption terms.
Introduction
We are concerned with the initial-boundary value problem for a p-Laplacian evolution equation with gradient source and absorption terms, and firstly introduced the definition of extinction for its solution, that is, there exists a finite time T >  such that the solution is nontrivial on (, T) and then u(x, t) ≡  for all (x, t) ∈ × [T, +∞). In this case, T is called the extinction time. Later, many authors became interested in the extinction and nonextinction of all kinds of evolutionary equations. We have the following parabolic equation without gradient source term:
where r >  and  < q ≤ . In the case λ = β = , Dibenedetto [] and Yuan et al. [] proved that the necessary and sufficient condition for the extinction to occur is  < p < . For the case λ = , Gu [] proved that if  < p <  or  < q < , the solutions of the problem vanish in finite time, but if p ≥  and q ≥ , there is nonextinction. 
subject to (.) and (.) and proved that the sufficient condition for the extinction to occur is  < r <  by using the upper and lower solutions methods. Lagar et al.
[] studied the qualitative properties of non-negative solutions to the Cauchy problem for the fast diffusion equation with gradient absorption
with  < p < , q >  and obtained the result that the solution of (.) either remains positive as t → ∞ for q > p -
N N+
or vanishes in finite time for  < q < p  . For the porous medium equation with gradient source term and without absorption term, the research of the extinction and nonextinction of solutions has also been performed (see [] ).
Motivated by the works mentioned above, and because there is little literature on the study of the extinction and nonextinction properties for parabolic equations with nonlinear gradient source and absorption terms, in this paper, our goal is to establish the sufficient conditions about the extinction and nonextinction of solutions for the problem (.)-(.) in the whole dimensional space. By combining the L p -integral norm estimate method and the technique of differential inequalities, we find that the critical exponent of extinction for the non-negative weak solution is determined by the competition of nonlinear terms for  < p < , and decay estimates depend on the choices of initial data, coefficients, and domain. More precisely, we obtain the following results. (a) If 
where C  and T  are given by (.) and (.), respectively. (a) If 
where C  and T  are given by (.) and (.), respectively. Remark  According to Theorems -, we observe that p - = r is still the critical exponent of extinction for the solution of (.)-(.) when  < p <  and q = .
Remark  Assume that p ≥ , q = , then the non-negative weak solution of problem (.)-(.) cannot vanish in finite time for any r >  and non-negative initial data. This result can be extended to the case q ≥  (the detailed proof can be found in []).
Theorem  Assume that  < p < ,  < q <  and p - = r, the non-negative weak solution of problem (.)-(.) vanishes in finite time for any non-negative initial data u  provided that λ is sufficiently small. Remark  Assume that p > ,  < q < ,
and r < Remark  Theorems - all require that u  or λ or | | should be sufficiently small or β should be sufficiently large, and we will give more concrete conditions to satisfy in the later proofs.
The outline of the paper is as follows. In Section , we firstly give the definition of weak solutions for problem (.)-(.), and then give some preliminary lemmas. Then we prove Theorems - and Theorems - in Section  and Section , respectively.
Preliminary results
Due to the singularity of (.), problem (.)-(.) has no classical solutions in general, and hence it is reasonable to find a weak solution of the problem. To this end, we first give the following definition of a weak local solution.
Definition  We say that a non-negative nontrivial function u(x, t) defined in Q T = × (, T) is a weak solution of problem (.)-(.) if the following conditions hold:
(
(ii) For any  < t  < t  < T and any test function
We can also define the weak lower solution and the weak upper solution of problem (.)-(.) in the same way except that the '=' in Definition  is replaced by '≤' and '≥' , respectively. Similar to the analysis in [] and [, Section ], the existence in time of a non-negative weak local solution of problem (.)-(.) can be constructed by the usual vanishing viscosity method which would satisfy a comparison principle.
Before proving our main results, we show some preliminary lemmas and the GagliardoNirenberg inequality which are very important in the following proofs of our results. As for the proofs of these lemmas, we will not repeat them again (see [-, ]).
Lemma  Let y(t) be a non-negative absolutely continuous function on [, +∞) satisfying
where α >  is a constant and k ∈ (, ), then we have the decay estimate
where
.
Lemma  Let y(t) be a non-negative absolutely continuous function on [, +∞) satisfying
where α, β >  are constants and k ∈ (, ), then we have the decay estimate
where α, β > , γ is a positive constant such that γ < αy
Lemma  Let α, β, γ >  and  < m < k < , then there exists at least one non-constant solution of the ODE problem
where C is a constant depending only on N , m, r, j, k, q and
, +∞]. since p - = r, we can easily get r p-r = p - < . By the Young inequality, we obtain
Here we can choose ε small enough such that  -λε > . By the Hölder inequality and the Sobolev embedding inequality, we have
Once ε is fixed, we can choose λ small enough such that C  > . By Lemma , we can obtain the desired decay estimate for
≥ ) and integrating over yield
By the Young inequality, we have 
then we substitute (.) into (.) to get
Here we can choose ε small enough such that
By the Sobolev embedding inequality, we have
By the choice of l, we have
Once ε is fixed, we can choose λ small enough such that C  > . By Lemma , we can obtain the desired decay estimate for i.e.
Once ε is fixed, we can choose λ small enough such that C  > . By Lemma , we can obtain the desired decay estimate for 
Proof of
By Lemma , there exists α  > β such that
Furthermore, there exists T  >  such that By Lemma , we can obtain the desired decay estimate for
